EXPANSION IN ONE ORTHOGONAL SYSTEM OF WATSON OPERATORS
FOR SOLVING HEAT-CONDUCTION PROBLEMS

M. A. Bartoshevich UDC 536.2

The system of integral equations which arises 1in one heat-conduction problem is
solved by a method based on the expansion of integral operators in an orthogonal
system of Watson operators.

1. Certain heat-conduction problems can be reduced to the system of integral equations

Vs (8) + So; (5) = Sy (s), i=1, 2, ..., n, 1
k=1

where Vijk are the integral operators defined by

Cod(
Voato (5) = ?E{ s jKik(sc> % (o) do} . o
1
and S is the integral operator designed by
1 1
S = L
v s (P( s ) (3)

In particular, a system like (1) arises in the heat-conduction problem treated in [1].

Here we propose a method for solving (1) based on the expansion of the integral opera-
tors in some orthogonal system of Watson operators.

2. The Watson operator W acting in the real function space o 2 (—w, ») is defined by

Wf(x);gd;[xfww(xs)f(s)ds}. “

The Watsdn operators were analyzed in [2, 3]. The basic results of work before 1960 are
reviewed in T47. :

The function Y¥(x), which we refer to below as the "kernel of the Watson operator,"
must satisfy the condition
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+oo Y Y 0 for st <0,
§ Y (s0) ¢ (tx)dx:{[max(lsi, i for st>0. (5)

We know [2, 3] that any real Watson operator W is a unitary self-adjoint operator action in
Béfz(fw, o), It follows, in particular, that we have W2 = E, where E is the identity operator.

We denote by M, the set of all real Watson operators with kernels which vanish at
x < 0. Let us consider the function YT(x), which is equal to 1 for 0=x=1 and equal to 0
for other values of the argument. We construct a linear shell of the set M, . For two
arbitrary operators V, and V, from this linear shell we can define a scalar product by

ViVo) = V", V') . (6)

We denote by {M,} a closed linear shell of the set M,. {M} is a Hilbert space with scalar
product (6). :

3. If WpePBty (n =1, 2, 3, ...), then W,W.Ws €W and, in general,

2n41

I w,em,.

bt
On the other hand, we have W, W, and, in general,

2n

[ w,zm,.

k=l

We denote by M, the set of products of an even number of operators from ;. Constructing
the linear shell of the set M, we define the scalar product of any two operators Z; and Z,
from this linear shell By the equation

0 Z) = @, Z9") p - .

We denote by {M,;} a closed linear shell of the set M, {M,) is a Hilbert space with the
scalar product (7).

4. The function wT(x) introduced above is the kernel of some Watson operators; we de-
note this operator by T. Let us consider the function yS(x), which is equal to x~! for x=1
and equal to O for x < 1. The function ¥8(x) is the kernel of some Watson operators; we

denote this operator by S. It is easy to see that this operator is the same as that intro-
duced previously By Eq. (3). '

The simplest Watson operators T and S and their products play an important role in the
theory below.

5. Let us consider the product of an odd number of operators T and S, taken alternately.
We will 1ist the basic properties of these operators and of certain associated operators.

A, The kernels of the operators (TS)IT with n = 0, 1, 2, ... are defined by

(—DrL, (—Inx) for 0Lx 1,

n T =1
(TS) T‘p (x) { Q0 for other x. .. : (8)

The kernels of the operators (TS)DT with —1, —2, -3,

... are defined by

0 for x<<1
TS)* Ty (x) = '
THTY () {(——l)"_lx_ll,_ml (Inx) for x> L. 9
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In (8) and (9), Lj(z) is the Laguerre polynomial -of degree n, defined by

n

: ‘Zk
L= S (=1)r__ ™" - (n=0,1, 2 ..).
). }:f ) n— B & ) (10)
=) . o
B. The kernels of the operators (TS)DT with n =0, 1, 2, ... form a complete orthonor-
mal system in &,(0, 1), and those with n = -1, -2, -3, ... form a complete orthonormal sys-

tem in &3 (1, »). The set of all these kernels forms a complete orthonormal system in &5 (0,

),

C. If WEM,, then (TS)OW (n = 0, #1, +2, ...) is a complete orthogonal system in {€M}..
In particular, in the simplest case, (TS)PT (n = 0, *1, *2, ...) is a complete orthogonal
system in {M,}.

D. If Wy and W, are arbitrary operators from {4}, then W,(TS)™W, (n
is a complete orthogonal system in { I,}. In particular, taking W, = T, W,
(rs)n (n = 0, *1, *2, - M}, complete orthogonal system in {{M;).

0, *1, %2, ...)
S, we find

E. An arbitrary operator V €{M,} can be'written in a unique manner by

Ao
V=X a,(TST. (11)
If V is defined by
d (s
Vf(x):-;c—{xjvl((xs)f(s) ds} , (12)

where the kernel I~< (x) vanishes for x < 0, then in expansion (11) the coefficients apn (n =
0, *1, *2, ...) can be found from

1
- 13
gy = ()" K@ L, (—nndr (=0, 1,2, ..) 3
g .
and
g, = (—1y [ K@l (nxde (n=—1, —2, ... (14)
1
Here we are assuming K (x) €&£:(0, =).
F. An arbitrary operator Z from {M,), represented by the expansions
+w
Z= 2 a,(TS" (15)
N=z—00
6. Let us consider the subspace of operators from {I,), represented by the expansions
Z= Xa, TSy (16)
=0

We can operate on the operator series in (16) by analogy with the operations on ordinary
power series, since we obviously havew(TS)m(TS)n = (Ts)m + n, In particular, the coefficients

b, (n =0, 1, 2; ...) of the series Ebn(TS)n can always be determined in a’unique manner
n=0

from the condition

n=0

(B 9))(Zp, TS) = E = T3, | an
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provided that a, # 0. If the coefficients b, (n = 0, 1, 2, ...) which are found determine
an operator from { M,}, this operator is the inverse of Z:

Z7t= Db, (TS (18)
n==0
A1l this discussion can be repeated for the operators from { 18,}, determined by expansions
of the type 2 a, (ST)".

n=0

7. The system of integral equations derived in [1] was converted to the form

— (@ V; + S) 1 (8) + (V3 —a,Vy) 9, (8) 4 6B1V195 (8) + B1V .9, (5) = Shy (),
aB1V 191 (5) + BV oy () — (b2Vy + S) 95 (5) + (Vs — V) 9, (5) = Shy (s),
(Vs — Vo) @1 (8) — (asVy + S) @y () -+ BsV (@3 () + 0BV, () = Sh, (8),
BaV 201 (5) + aB, V19, (8) 4 (Vs — V) 9 (5) — (bet, Vi + S) @, () = Shy (5),

(1%

where aj, g4 (i =1, 2, 3, 4), a, b are constants; hij(s) (1 = 1, 2, 3, 4) are given func-
tions; and ¢i(s) (1 = 1, 2, 3, 4) are unknown functions. Each of the operators Vi (k = 1,
2, 3, 4, 5) which appear in (19) satisfies

V(o) = ‘;‘{sf ki<s6>cp<6)d6} (i=1,23, 4,5, (20)
s
where the kernels I~<i (x), determined for x =1, are given by
Ry () = 2]}/;‘;’? (21)
K,y (%) —_—-% erfc (W) . (23)
Ks(x) = —% erfc ( Qb]%H—";) . (25)

We expand each of the kernels in (21)-(25) in a complete orthonormal (for x=1) system of
function x"an(ln x) . This expansion can be carried out, since each of the kernels in (21)-
(25) belongs to the function space &€:2(1, =). We find the following expansions:

K,(x) = 2 ax*L, (Inx), i=1,2, 3, 4, 5. (26)

n=0

The coefficients ag; of these expansion are

aﬁz:jki(x)x-an(lnx)dx (n=1,23 ...;i=1,2 3, 4, 5). (27)
1
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We must resort to numerical methods to evaluate the integrals on the right side of (27) for
i=1, 2, 3, 4, 5. In the case i = 1 the integral in (27) turns out to be elementary, and
calculations yield ’

N (— e al (2 + D
al, =

(n— &)! (k22" (28)
Knowing that the kernels of the operators S(TS)™ (n =0, 1, 2,‘...) are given by
— ) (Inx) for x> 1, _
SISy () = [¢ n .
TSy () {O for x<<1, (29)
which follows from (9), we can write the expansions
V,= 2 (= D)ra ST i=1, 2, 3, 4, 5. (30)

n=0

We denote by Vii the integral operator acting on the k—th unknown function in the i-th equa
tion of system (19) (i, k = 1, 2, 3, 4).

We thus have

Vi=anVy—S8; Viy=Vy—a,Vy; Vig=0p,Vy; Vi =BV

Va=apVi; Vo =B:Vis Vg = —baVy —8; Vo=V —aV;
Va=Vy—aVy Vo= —aaVy — 8, Va=B3Vys Vi =08,V (31)
Va=PBVe Ve=aBVy; Vig=Vi—aV; Vy=—ba,V;—S.

Each of the operators Vi (i, k=1, 2, 3, 4) can be written as an expansion in orthogonal
Watson operators:

Vie= X d¥S(TS" (i, k=1, 2,3, 4, (32)

n=0

where the coefficients atilk are expressed in terms of a% and in terms of the constants, ai,
B4 4 =1, 2, 3, 4), a, b which appear in the original system.

System (19) can now Be written in the form

4
D Vaen ()= Shy(s) (=1, 2, 3, 4). (33)

Y
—

8. We now transform system (33), all operators in which belong to the space { 2,}, into
a new system, whose operators belong to the space { W,}. The purpose of this transformation
is to obtain a system all operators of which are commutative and can be expanded in power
operator series in terms of nonnegative powers of the operator TS. For such a transformation
of system (23) it is sufficient to apply the operator S to the left and right sides of all
equations of this system. Using the notation Zjx = SV4 (i, k =1, 2, 3, 4), we can write
the operators Zji as

Zy= 3 ad (TS (i, k=1,2 3 4.

n=0

(34)

System (33) becomes
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4
2 Zp@n () =hy(s) (=1, 2, 3, 4. (35}

k=1

Clearly, since the operators Zj) are commutative, we can deal with them as we would deal
with coefficients of an ordinary algebraic system of linear equations. In speaking of
division by an operator, of course, we mean multiplication by the inverse operator. We in-
troduce the operator A €{ 2W,}, which serves as the determinant of the system of linear equa-
tions:

A=DetZ,. (36)

Let us find the operators Agp = (i, k =1, 2, 3, 4) which are the signed cofactors of the
elements Zjk in the determinant of system (35); clearly we have Ajp ¢ { W} (i, k =1, 2, 3,
4). We write the solution of (35) in the form

4
@y () = A™? Z Ah(s), k=1, 2, 3, 4.

=]

(37)

Recalling that in [1] the unknown intensities of the thermal potentials pk(t) were related
to the function ¢y (s) by

0,(5) =p,(—Ins), k=1,2, 3 4. (38)

and that

h,(s) = 20, (—Ins), k=1, 2, 3, 4, (39)

where @;(t) are the original, given functions of the time, we can express the unknown in-
tensities of the thermal potentials in the following manner:

Pr®) =op(exp(—1), k=1, 2, 3, 4, (40)

where

4
() = AT 4,20, (—Ing), k=1, 2, 3, 4. (41)

i=l

Using the functions ¢ | (s) found, we can write the solution of the problem posed in [1] in
the following form

)]

wx, ) = — § (1,‘—1:)—7{(91 [exp (— )] exp (——__.__’fz_ﬁ) +

2Vn 42 (t — )
- (42)
_ _ =L
T @y [exp (— )] exp ( @) )} dr,
oy, 1) = b_ St (t——r)__; {tp [exp (—T)j exp = i—) +
2Vn ? ( 48R (f— )
2 (43)
- . . (y—1)
1+ @, [exp (— 7)) exp( o — )} dx. ‘

9. E;a.ch of the functions Pk(s) (k = 1, 2, 3, 4) is calculated by applying the operator
series 2 b, (TS)" to the given function hy(s). The actual calculation of the values of

n=0

385



the function ¢k(s) can be carried out without resorting to tables; the result of the opera-
tion with operator TS on an arbitrary function f(x) is

TSf () = S—fii)ds—f(x).

k4

(44)

Accordingly, the terms of the series :SbH(TSY?(x) can be found successively from
n=0

TS (x) = j' Lis-)—ds—f(x).

x

(TSPf (x)= f —T% ds — TSF (x),

X

(TSPF(x) — f —@—S){ﬂ ds— (TSPF(x),

x

etc.
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